In this paper, an extension is introduced into Max-Min Improved Euler methods for solving initial value problems of fuzzy fractional differential equations (FFDEs). Two modified fractional Euler type methods have been proposed and investigated to obtain numerical solutions of linear and nonlinear FFDEs. The proposed algorithms are tested on various illustrative examples. Exact values are also simulated to compare and discuss the closeness and accuracy of approximations so obtained. Comparatively, tables and graphs results reveal the complete reliability, efficiency and accuracy of the proposed methods.
Introduction
Generalization of ordinary calculus and an important branch in mathematical analysis, "fractional calculus" has become a subject of interest among mathematicians, physicists, and engineers in last few decades [1] [2] [3] [4] [5] . Its extensive development and influence in many areas occurred after the invention of differential calculus by Leibniz and Newton. Modeling of physical phenomenon in fractional differential equations (FDEs), although, a difficult task nonetheless has demonstrated applications in diverse fields of science. Recently, problems in many areas like diffusion process, rheology, electrochemistry, viscoelasticity, etc., have been developed and formulated in terms of fractional derivatives and fractional integrals, for instance, time-space fractional diffusion equation models, structural damping models, acoustical wave equations for complex media, fractional Schrodinger equation in quantum theory, etc. [6] [7] [8] [9] [10] .
Whenever a real-world problem is converted to an ordinary differential equation, sometimes it cannot readily or rapidly be solved by a traditional mathematical method and a numerical method is usually sought and carried out. Correspondingly to ordinary differential equations (ODEs), the exact analytical solutions of fractional differential equations are often difficult, and sometimes impossible to obtain; thus numerical-analytical methods for solving fractional differential equations are of particular importance [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] .
Fractional differential equations of physical phenomenon are said to be modeled perfectly if every uncertainty is coped out. Therefore, it is necessary to have other theories along with, which would handle issues of uncertainty while modeling. Various theories exist for describing such situations and the most popular among them is fuzzy set theory [21] [22] . On contribution of this theory more realistic models have been obtained. Over the last few years, the theoretical framework of fractional differential equations with fuzzy theory has been an on go research field. Fuzzy fractional differential equation is generalization of fuzzy differential equation, which is initially introduced by Agarwal et al. [23] in which he considered differential equation of fractional order with uncertainty and presented the concept of solution. This initiative motivated several researchers to establish some results on the existence and uniqueness of the solutions, for instance, fuzzy Laplace transform, fractional Euler method, iterative techniques etc. are being employed for this purpose [24] [25] [26] [27] [28] .
In the present paper, an interpretation for fuzzy fractional differential equations has been proposed. Essentially, this work is generalization and extension of Method 1 and Method 2 Improved Euler Method in paper of Smita and Chakraverty [29] to fractional order. Before Smita and Chakraverty, many other authors have made considerable efforts to improve an Euler method, and using it as the stepping-stone of numerical methods for solving initial value problems in differential equations. Basically, this method was introduced by Euler in 1728, which was moreover improved and improved by Heun. Further, Abraham et al. [30] proposed a new improvement on Euler method. Ma et al. [31] used standard Euler approximation method for linear and nonlinear first order fuzzy differential equation. Improved fractional Euler method for fuzzy fractional initial value problem is illustrated by Mazandarani et al. [32] . Ahmad et al. [33] proposed a new fuzzification of the classical Euler method for solution of linear and nonlinear fuzzy differential equations. Allahviranaloo [34] and Shokri [35] 2 Importance of media independent handover IEEE 802.21
In this section, several basic concepts of Riemann -Liouville integral and Caputo fractional derivative are recalled, which are used throughout this article.
Definition 2.1
The Riemann-Liouville integral of order � � � for a function � is defined by
Lemma 2.1. Let ���� be a crisp continuous function and �� � -times differentiable in the independent variable � over the interval of differentiation (integration) ��� ��. Then the following relation is hold [3] .
where, is the more common Riemann-Liouville fractional derivative operator which can be defined as follows:
Fuzzy Number
Fuzzy number can be defined as a fuzzy set on which is upper semicontinuous, convex, normal and compactly supported in a metric space denoted by . Also an arbitrary fuzzy number can be represented by an ordered pair of lower and upper bound in which lower bound is left-continuous nondecreasing and upper bound is non-increasing functions over the interval .
Trapezoidal Fuzzy Number (TrFN)
A trapezoidal fuzzy number is defined as 
Triangular Fuzzy Number (TFN)
A triangular fuzzy number B is defined as ) , , ( Definition of fuzzy initial value problem can be found in [29] .
Fuzzy fractional differential equations
Consider the following nth order FFDE by The generalized fractional Euler's method that has been formulated for the numerical solution of initial value problems with Caputo derivatives is presented by Odibat and Momani [37] .
Suppose that 
The fuzzy fractional initial value problem (FFIVP) can be considered equivalently by the following initial value problems
be the interval over which the solution of the problem is needed.
The focus is not to acquire a function   x y that satisfies the initial value problem. Alternately, an approximation has been made with the help of a set of points
. Using Taylor expansion:
Therefore, Eqs. (12)- (13) becomes, (14) and
are substituted into equations (16) and (17) , consequently an expression for 1 1 ,   n n y y is obtained:
A system of points that approximate the solution of is produced by above recursive process and at each step the fractional Euler's method is used as a prediction.
Proposed methods for FFDE
In this section, two methods to solve FFDE are proposed and illustrated.
Max-Min Modified Fractional Euler Method (Method 1)
Considering all the possible combination of lower and upper values of the variable and by using modified fractional Euler method we obtain 
The above procedure leads to the better approximations to the exact solutions. The efficiency and powerfulness of the methodology are demonstrated by variety of examples.
Average Modified Fractional Euler Method (Method 2)
In the second method, similarly averages of lower and upper values are computed respectively. Then the Eqs. (18)- (21) 
Numerical problems

Problem 1
Let us consider a linear triangular FIVP given in [29] for fractional order.
Then using the r-cut approach, the triangular fuzzy initial condition can be represented as
The results of problem 1, obtained by the above Method 1 and Method 2 are tabulated in Table 1and 2 for different values of. Then using the r-cut approach, the trapezoidal fuzzy initial condition can be represented as
The results of problem 2, obtained by the above Method 1 and Method 2 are tabulated in Table 3 and 4 for different values of r . 
Using the r-cut approach, the triangular fuzzy initial condition can be represented as
Obtained results by Method 1 Method 2 are tabulated in Table 5 and 6 for different values of r . 
Using r -cut approach, the trapezoidal fuzzy initial condition can be repre- Outcomes so obtained by Method 1 Method 2 are tabulated in Table 9 and 10 for different values of r . 
Using r -cut approach, the trapezoidal fuzzy initial condition can be represented as
Results so obtained by Method 1 Method 2 are tabulated in Table 11 and 12 for different values of r . The computations corresponding to the problems have been performed using Mathematica 9. Accordingly, the proposed methods are efficiently applicable for the fuzzy fractional differential equations of both linear and nonlinear problems. It can be noticed that presented methods show an easy and efficient way of acquiring accurate solution. 
